A DIFFERENT EXPRESSION OF THE WEIL-PETERSSON 
■ POTENTIAL ON THE QUASI-FUCHSIAN DEFORMATION 
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' Abstract. We extend a definition of the Weil-Petersson potential on 

'/^ , the universal Teichmiiller space to the quasi-Fuchsian deformation space. 

We prove that up to a constant, this function coincides with the Weil- 
Petersson potential on the quasi-Fuchsian deformation space. As a re- 
, suit, we prove a lower bound for the potential on the quasi-Fuchsian 

' deformation space. 
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1. Introduction 



In |TT03bj . we defined a Hilbert manifold structure on the universal Te- 
ichmiiller space T(l). Under this structure, T(l) is a disjoint union of un- 
I countably many components. We denoted by ro(l) the component that con- 

tains the identity element. It can be characterized as the completion of the 
. space Mob(S'^)\ DifF+(S'^) under the Weil-Petersson metric. Hence it is the 

OO I largest submanifold of T(l) where the Weil-Petersson metric can be defined. 

' The Weil-Petersson metric on M6b(S'^)\ Diff+(S'^), introduced by Kirillov 

|Kir87j via the orbit method, has been of interest to both mathematicians 
and physicists. It is a right-invariant Kahler metric, and hence it may play 
some role in the canonical quantization of the space Mob(S'^)\ Diff+(S'^). 

In our subsequent work |TTn4j . we defined a Weil-Petersson potential 
on To(l) in two different ways, and showed that they are equal. The first 
^ . definition of the Weil-Petersson potential is given by Si : ro(l) M, 



H : Si(M) 



(f^ 



cfz + 



d2z-4^1og|g' (oo)|, 



where = o f^ is the conformal welding corresponding to [fi] £ Tq{1). 
The second definition of the Weil-Petersson potential comes from the study 
of the Grunsky operator Ki of the univalent function f^ associated to a 
point [fi] G T{1). We proved that the Grunsky operator associated to [n] is 
Hilbert-Schmidt if and only if [fi] £ Tq{1). Hence the function S2 : Tq{1) — > M 
given by 

S2{[fi])=logdet{I-KiKl) 
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is well-defined. We proved that 



We call Si the universal Liouville action in our paper |'r'r04j . In fact, 
given r a cocompact quasi-Fuchsian group, the quasi-Puchsian deformation 
space S)(r) can be canonically mapped into the universal Teichmiiller space, 
with the totally real submanifold — the space of Fuchsian groups — mapped 
to the point identity. The function Si bears a lot of resemblance to the 
critical value of the Liuoville action functional S^i we constructed in |TTn3aj . 
However, we haven't established the precise relation between them. In this 
paper, we are going to extend the definition of the function S2 to the quasi- 
Fuchsian deformation space of a quasi-Fuchsian group F, and prove that up 
to constants, it coincides with the critical Liouville action S^. As a result, 
we show that (see Corollarv 14. 4|) 

SdM) < 87T{2g - 2), 

with equality appears if and only if [fj] corresponds to a Fuchsian group. 

It is our intention to keep this paper concise. Hence we will not repeat 
the background material and conventions. We refer them to our previous 
papers 

2. Definition of the function ^2 on quasi-Fuchsian deformation 

SPACE 

2.1. The quasi-Fuchsian deformation space T>g. 

2.1.1. A model ofDg. We fix a model for the quasi-Fuchsian deformation 
space of genus 5 > 2 in the following way. Let F G PSU(1, 1) be a normalized 
cocompact Fuchsian group of genus g. Let ^"^'^(F) be the space of bounded 
Beltrami differentials for F and B~^'^{T) the unit ball of ^~^'^(F) with 
respect to the sup-norm. For each /i G ;B^^'^(F), there exists a unique quasi- 
conformal (q.c.) mapping : C ^ C satisfying the Beltrami equation 

and fixing the points —1, —i, 1. The quasi-Fuchsian deformation space of 
the Fuchsian group F is defined as 

S(F) = i3-i'HF)/~, 

where ~ if and only if li'^ | = Wu\gi- 

Given [fj] G B'^'^iT), let F'^ = Wf,oT ow^^. By definition, F^ is a 
normalized quasi-Fuchsian group and it is a Fuchsian group if and only if /x 
is symmetric, i.e. 

There is a canonical isomorphism S!)(F) ^ D{T^) given by [z^] 1— > [A], where 
A is the Beltrami differential of o w'^^. We define 2)^, the quasi-Fuchsian 
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deformation space of genus g to be the space S)(r), where F is a Fuchsian 
group of genus g^. It is unique up to isomorphism. 

Given [/i] G XI(F), let Qi = w^{B) and ^2 = w^{W). Then = r^i U 
is the domain of discontinuity of F'^ acting on C and C = Wn{S^) is the 
quasi-circle separating the domains Q,i and U2. There exists a unique q.c. 
mapping /:<£—>■(£ such that /|d is holomorphic, / fixes the points —1, —i, 1 
and /(B) = i^i- Similarly, there exists a unique q.c. mapping : C ^ C 
such that ^Id* is holomorphic, g fixes the points —1, —i, 1 and g{0*) = $72- 
By abusing notation, we also denote by / and g the univalent functions 
and ^Ip,. We say that (/, 3) is the pair of univalent functions associated to 
the point [n] G Dg. In fact, (/,(?) is independent of the choice of the model 
2)(F) for Dg. It only depends on the quasi-Fuchsian group F'^. In case F'^ 
is a Fuchsian group, Qi = B, $^2 = B* and hence / = id and g = id. Using 
the biholomorphisms / and g, wc define the pair of Fuchsian groups (Fi, F2) 
associated to F^ by Fi = /^^ o F^ o / and F2 = oT^^ o g. 

Given [v] G T)g, let //i, . . . be a basis of Q,~^'^{T'^). The Bers coordi- 
nates at the point [u] is defined by the correspondence s = {ei, . . . ,£d) 

= o o w~^, where : C — > C is the unique q.c. mapping with 
Beltrami differential £i/ii + . . . EdfJ-d and fixing the points —1, —i, 1. 

2.1.2. The tangent and cotangent space of Dg. The holomorphic tangent 
space at the point [v] G Dg is isomorphic to the space of harmonic Beltrami 
differentials J7~^'^(F'^) of F''. The holomorphic cotangent space at the point 
[n] G 2)g is isomorphic to the vector space r2^'°(F'^) of holomorphic quadratic 
differentials of F'^. 

Given fi G fi~^'^{r'^), we denote by and g|- the holomorphic and 
anti-holomorphic vector fields in a neighbourhood of [u] defined using the 
Bers coordinates at the point [u]. 

2.1.3. The embedding Tg ■-^ Tig and the map Dg T(l). Let Tg be the 
Teichmiiller space of genus g and T(l) the universal Teichmiiller space. Tg 
can be realized as a complex submanifold of the quasi-Fuchsian deformation 
space S)g = £'(F). Namely 

=T(F) = G D(F) : ^(z) = on B U 5^} . 

We denote hy i : Tg ^ Vg the canonical inclusion map. 

To define the map S : 2)(F) T{1), we use the following model for T(l). 

r(i) = L°^(B*)i/-, 

where given /j, G L°°(D*)i, a Beltrami differential on D* with sup-norm 
less than 1, we extend to be zero outside B* and let li;^ : C — > C to be 
the unique q.c. mapping with Beltrami differential /x and fixing the points 

^Wo can let F to be any quasi-Fuchsian group of genus g. But for the description of 
some properties of D (F) in terms of equivalence classes of Beltrami differentials, it will be 
convenient to assume that F is a Fuchsian group. 
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/X ~ if and only if = w'^ljj,- Given [n] G 'Dg, let {f,g) 

be the pair of univalent functions associated to [//]. Extend / and g to be 
q.c. mappings. The map H : S(r) T{1) is defined so that is the 

equivalence class of the Beltrami differential of It is independent of 

the choice of the representative ^ of [jj] . It is not a one-to-one mapping. In 
particular, the subspacc of Fuchsian groups in D{T) is mapped to the point 
[0] G T(l). If {f,g) is the pair of univalent functions associated to [fi] £ ^g, 
there exists a linear fractional transformation A G PSL(2, C) such that the 
functions f = A o / and g = A o ^ satisfies 

f(0) = 0, f'(0) = 1, g(oo) = oo. 

The pair of functions (f , g) is then the functions in the conformal welding 
w = o f associated to G T{1). 

Obviously, we also have a canonical complex analytic embedding i : Tg ^ 
r(l). It factors as i = H o i. 

2.1.4. The inversion on Dg. There is an inversion map 3 : Dg Dg on 
the quasi- Fuchsian deformation space induced by the inversion l : C ^ C, 
z 1/z. It is defined in the obvious way: 

= for G Dg, 

where 



L*n{z) = n 



l\z^ 



z J z"^ 



The space of Fuchsian groups is the set of fixed points of this map^. By 
uniqueness of q.c. mappings, it is easy to see that 

(2.1) 

WL*uiz) = , f\i*ii\(z) = :, q\i*a\(z) = z. 

' Mm 9Mm mim 

The relations between the quasi-Puchsian groups and associated Fuchsian 

groups arc given by 

r'*^' = o i ri[tV] = ior2[Ai]oi, ral^V] = tori[//] o i. 

2.2. The function S2. 

2.2.1. Integral operators associated to {f,g)- Let 



742(B) = < ip holomorphic on 



Aim 



-0 holomorphic on B* : HV'lb 




This is only true when we use a Fuchsian group T for the model 25 g = 2)(r). 
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be Hilbert spaces of holomorphic functions on D and D* and denote by ^2!^) 
and ^2(1^*) the corresponding Hilbert-spaces of anti-holomorphic functions. 
Given a pair f : O ^ C, g : O* ^Cof univalent functions such that 
C \ (/(ID') U ^(ID*)) has measure zero , define the kernel functions 

K2{z,w) 



vr \{z-wf {f{z)-f{w)f 
1 nz)g'{w) 
7:{f{z)-g{w)f' 
1 9'{z)nw) 
7:{g{z)-f{w)Y' 
1 / 1 g'{z)g'{w) 



TT \{z- wY {g{z) - g{w)Y 
They define linear operators X;, Z = 1, 2, 3, 4 as follows, 



Ki : Ai(D) ^ A\{B), {Ki^){z) = / / Ki{z,w)^l:{w)cPw 



K2 : Al{B*) ^ Al{B), {K2'>p){z) = / / K2{z,w)^{w)dPw 



Ks : Al{B)^Al{B*), {Ksi>){z) = // Ks{z,w)i>{w)d'w 



K4 : Al{B*) Alio*), {K44^){z) = / / K4{z,w)'ilj{w)d^w 



The generalized Grunsky equality says that these operators satisfy the fol- 
lowing relations (see e.g., jl"l'04j ) : 

(2.2) KiKl + K2K2* = I, K^Kl + K^Kl = 0, 

KiKl + K2KI = 0, K^Kl + K^Kl = I. 

i^2,^3 are invertible operators and Ki,K4 are operators of norm strictly 
less than one. 

Remark 2.1. Our definition of the operators Ki here can be viewed as the 
'pull-back' of the corresponding definition on T(l) via the map H : Dg 

r(i). 

Remark 2.2. If is a holomorphic function on B, the principal-valued inte- 
gral 



// 



[z — wy 
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vanishes identically. Hence we can also represent operators Ki and K4 by 
the singular kernels 

1 f'{z)f'{w) 1 g'{z)g'{w) 



vr(/(z)-/M)2 7r{g{z)-g{w)r- 

2.2.2. The definition of 82- Let = i^/Kf, / = 1,2,3,4. In |TTn4j . we 
define the function S2 : 7o(l) — > M, which up to a multiplicative constant is 
a Weil-Petersson potential on To(l), by 

S2 = logdet(/ - Ki) = logdet(/ - K4). 

This definition cannot be extended to S)g since if Ki and K4 are defined 
using the pair (/, 5) associated to a point on Dg, they are not trace-class 
operators unless Ki = K4 = (see the proof in |TT04j l. which corresponds 
to the case is a Fuchsian group. Nevertheless, motivated by the series 
expansion 

log det(/ -K) = -Tx\Y^ 

\n=l / 

valid when the operator K has norm less than 1, we want to consider the 
following operators 

Di = y^ and D2 = V^. 

n=l n=l 

Lemma 2.3. The operators Di and D2 are well-defined operators with ker- 
nels 

Di[z,w] = y and D2{z,'w) = > , 

^-^ n ^-^ n 

n=l n=l 

which converge absolutely and uniformly on compact subsets ofOxD and 
D* X D* respectively. Here ICin{z,w), i = 1,4 zs the kernel of the operator 
Kf. 

Proof. It is sufficient to consider the operator Di. First, we notice that for 
n > 2, 



}Ci,n{z,w) = 1111 K^{z,0{{KlK,r-'yC,v)Kliv,w)d^Cd^v 
((KiETi*)"'') iv, C)Ki{C, z)Ki{i^,w)d\d^i] 



= {K'l-\,,v^). 

Here we denote by ( . , . ) the inner product on the Hilbert space ^2(^1^)) 
and Vz is the holomorphic function 

Vz{C) = K,{z,0 
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with norm 

hzWl = Ki(z,z). 
By Cauchy-Schwarz inequality, we have 

\1Ci^n{z,w)\ < ||K"~^t;2||2||u^||2 < ||Ki||J^"^||t;^||2||w«,||2- 

Hence 

n 



I °° III/ ll"--! 
IK.l,n{Z, W) ^ I IIKllloo 



n 

\n=l 



\Vz\\2\\Vw\\2 



n=l 

which converges absolutely and uniformly on compact subsets of D x B since 
II Ki lloo < 1 and 

2 1 

7r(l — 1^1 j 
(see [TT041 '). In fact, function of w, 

\\}Ci^n{z,w)\\l=}Ci^2n{z,z) < || Ki ||^-1 ||t;, || ^ , 

which implies that function of w, 

fc— >oo n ^-^ n 

n=l n=l 



in A\{p). Hence it follows that if -0 G A\{p), 

(-) - E « - // (e ^) 

n=\ ■'^ \n=l / 

I V'H'^ w, 

which proves that J2'^=i ^^i,n{z,w) is the kernel for Di. 

□ 

Corollary 2.4. Let {f,g) and (ri,r2) be the pairs of univalent functions 
and Fuchsian groups associated to a point on Dg. The functions Oi{z, z) and 
D2{z, z) defined using (/, g) are nonnegative real valued continuous functions 
on J$ and B* that are automorphic (1, 1) forms with respect to Ti and T2 
respectively. 

Proof. Again, it suffices to consider Di. It follows from the proof of the 
previous lemma that 



,~> / N ■\r^ K^i,n{z, z) 
Di{z,z) = 2^ 



n 

n=l 



converges absolutely and uniformly on compact subsets of B. Hence it is 
continuous. Moreover, since Ki is a positive self-adjoint operator, 

ICi,n{z,z) = {K'l~'v,,v,)>0 
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for all n. Hence Di{z,z) > 0. Now for every 7 G Ti, there exists 7 G F'^ 
such that 

707 = 70/. 

Hence it is easy to check from the definition of Ki{z,w) that 
Ki{'yz,jw)j'{z)j'{w) = Ki{z,w) V7 G Fi 
and consequently 



^i,n(72^, 'yw)'j' {z)j' {w) = /Ci,„(z, w) V7 G Ti. 
Therefore, Di{z,z) is an automorphic (1, l)-form with respect to Fi. □ 

Now we can define the function S2 ■ Tig M. 
Definition 2.5. The function ^2 : S)g ^ M is defined as follows: 

52(N) = // i^iiz, z)d^z = f; - // /Ci,„(z, z)d^z, 



_1 " ^ 



where Di{z,w) is defined using the univalent function / associated to [fi]. 

Remark 2.6. The function 5*2 can be considered as the regularized trace of 
the operator — logdet(/ — Ki) on AlCB). 



2.2.3. Behavior of S2 under inversion. The relations (|2.H) give us the fol- 
lowing relations for the kernels Ki associated to [/i] and on Dg: 



Ki[Ly]{z,vu) = K^.iif,] (3,4)4 A' / = 1,2,3,4. 

\Z W J Z^ 

In particular, 

OM{z,z)=Di[i*ii\ 
Using this, we have the following result. 

Proposition 2.7. The function S2 is invariant under inversion, i.e. S2o'3 = 
S2. 

Proof. Given a point [/i] on Dg with the associated univalent functions (/, g) 
and Fuchsian groups (Fi,F2), we are going to prove that 



ICi^n{z,z)d ^ = JJ K,A^n{z,z)d Z 

ri\D r2\D* 
for all n. From the relations 1)2. 2|) we have 

(2.3) Ki{z,w) + K2{z,w) = Ii{z,w) = _ , z,w e 

7r(l — zwy 

\i^{z,w) + Ki{z,w) = hiz.w) = ^ _ , z,w & 

7r(l — zwy 
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where Ii and I2 are the identity operators on ^2(^) ^K^*) respectively. 
On the other hand, 

K:^,n{z,w) =((/! - K2r){z,w) = j^i-^)' (i) (k§) {z,w), 

k=0 ^ ^ 

k=0 ^ ^ 

Now for A; > 1, 

ri\D ri\D D* 

= E // // ^2(^,720 ((i^2*i^2)'^-^i^2) (72C,^) 172(C) I'd'Cd'^- 

For every 72 G r2, there exists 7 G such that 

7 o 5 = 5 o 72 

and 71 G Fi such that 

70/ = / o7i- 

Hence 

i^2(7i^,72C)7i(^)72(C) = ^2(^,0 

whenever the pair of elements 71 G Fi,72 G F2 are associated to the same 
element 7 G F. Then it is easy to show that 

((K2*i^2)'=-^i^2j (72C,^)^= ((i^2*i^2)'=-^i^2) {C,l^'z)WW)- 

Consequently, 

jj (k^) {z,z)Sz 
ri\D 

jj jj K2h^'z,0 ({K*,K,f-'K() iCj^'z) \{j^'nz)\'<fC<fz 
7iGri p^^jj Y2\n* 

= jj jj ^2(^,0 {iK^K2)''-'K^) iC, z)cfzd\ 
r2\D* D 

= //// KsiCz) ({K*,K,f-^Ki) {z,Od'zd\ = jj i^i) {z,z)d^z. 
r2\D* D r2\D* 
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We have used the equahty K2{z,w) = K^{w^z)yz G D, G D* in the last 
line. Finally, from p.3j) we have 



ri\D '^^^ TiXn 

i-Area(r2\B*) + ^(-l)^ Q JJ (kI) {z,z)d'z 



(z, z)d^z 



in 

= jj IC4^niz,z)(fz. 

r2\D* 

It follows from the definition that 

J J Di[fi]{z,z)d^z= J J Di[^i]{z,z)cfz= J J Oi[iy]{z,z)cfz. 
riM\D r2[M]\iD)* ri[t*/i]\iD) 

□ 

3. The first variation of the function ^2 

Given n G Q^^'^^V^) a tangent vector at the point [u], we define 

m=/*(/^bi) and ^2 = 5*(Mb2)- 
We separate the computation of the variation of 5*2 into a few lemmas. 

Lemma 3.1. Given [u] G Dg, let n G Q'^'^iV^) be such that /i has support 
on ^l2- Let {f^-iQe) be the univalent functions associated to = o F*^ o 
vjj^ . At the point [v], the variation of the kernel Ki in the direction jjL is 
given by 

^\^^Kl{z,w) = - jj jj fi2{u)K2{z,u)K4{u,C)K*2{C,w)d\d^C 

o* o* 

Proof. See the proof of Lemma 2.7 and Theorem 3.1 in |TTn4j . □ 

Lemma 3.2. Given [u] G Dg, let fi G Q~^'^{r'^) be such that /j, has support 
on Let {f^,ge) and (rjjFI) be the univalent functions and Fuchsian 
groups associated to F^ = w^fj, o F*^ o vu^^. Then for all n > 1, 

^ ^^Jjn,n{z,z)d^z = njj jj l^^\^^K\{zX)^lCi,n-i{Cz)dHd^z. 
rf\D ri\D D 



de 



Proof. Since = WgO /, the group T\ = {f^)~^ o F*" o is a constant with 
respect to e, i.e. T\ = F^ = Fi. From Lemma l3.ll it is easy to check that 
for all 7i G Fi, 
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We find that 
d 



de 

d_ 

''de 



£=0 



e=0 



d_ 

Ye 



K\{z, Ci)K^(Ci, C2) . . . Kf (Cn-i, ^)d'Ci • • • d\n-i<fz 
Kf (z, Ci)) Ki(Ci, C2) . . . Kl(Cn-l, z)d\i . . . d\n-id^z 



e=0 



ri\D 
+ 



-n 




Ki(z, Ci)Ki(Ci , C2) . . . ( ^ [^0^! (Cn-i, z) ) d^Ci • • • d'Cn-id'z 




d_ 
'Fe 



£=0 



K\{z,C)\lCi,n-l{C.z)d\d'z. 



ri\iD) 



□ 



Lemma 3.3. Given [v\ G 2)^, let E ' (F'^) he such that fi has support 
on Let {f^,ge) and (rfjFI) be the univalent functions and Fuchsian 
groups associated to = Wgfj, o F'^ o w^^ . Then there exists an r > such 
that the series 



n=l 



rf\i 



converges uniformly to 

f,Un)mz,u)KUu,r^)iKir{r],C)iI-Kir\C,z)d^ijd\d^zd^u 



B* ri\D D D* 

in the ball {e £ C : \e\ < r}. Here /u^ is the Beltrami differential 

* I I {W£^)z 



-1 



Proof. By shifting the origin of differentiation, it is easy to see from Lemma 
13. II and Lemma LS. 21 that 

^ II JCl^{z,z)d^z 



ri\D 



n 



^il{u)Kl{z,u)KUu,v)iKl)%vX)}Cln-i{C,z)d\d^vd^Cdh. 



Ti\0 
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Now using the property of the operators Ki, I = 1,2, 3, 4, we find that the 
£^-norm of the function 

<iC) = II II lJ,'2{u)Kl{w,u)Kliu,v)iKir{n,C)dVrj 



satisfies the inequahty 



\^w\\2 ^ 




fil{u)K^{w, u)Kl{u,C)(fu 



<IImIIILk|K«))< 



£||2 

oo 



7r(l — ) 



2^2 ■ 



Hence, the £^-norm of the function 

<n(^)= // // ///u|(tx)i^|(u;,u)i^|(^x,r?)(K|)*(r,,C)d'^xd%/Cf„_i(C,z)d2C 



satisfies 



\e||n— 111 £ II ^ 
' II oo II "'w'nW'i — 



Therefore, by Lemma 2.3 in |TTn4| . we have 

ll^fll^"-'llMll|oo 



K,n(^)l < 



I 



< 



|z|2) - 7r(l- |z|2)(l- |u;|2) 

Choose Ci and C2 such that H-f^iHoo < Ci < 1 and ||/i2||oo < C2 < 1. By 
the continuity of the map ^ : T(l) — > =^(£2) proved in the Appendix A of 
|TT04j ■ the canonical complex analytic embedding T(Ti) T{1) and the 
smooth dependence of /U on e, we can find a number r > 0, such that for all 
e in the ball {\e\ < r}, we have ||oo < Ci and H/xlHoo < C2- Hence for 
lei < r. 



d_ 

de 



n 



ri\D 



vl,niz)d^Z 



ri\iD) 
47r 



< 



TT 



2^2 



Area(r] 



Consequently, by Weierstrass-M-test, the series 



E 

n=l 



1 a_ 

n de 
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converges uniformly and absolutely on the setjeGC; |e|<r}. The same 
proof above shows that as a function of z, the series 



n=l 



converges uniformly on any compact subset of D; in particular, on a funda- 
mental domain of Fi on D. Therefore, 



"■"-^ ri\D "~¥i\D ri\D ""-^ 



^z 



IJ'2iu)K2{z,u)Kl{u, rj) 



Ti\0 



The conclusion of the lemma then follows from the standard operator theory 
that 

oo 
n=l 

□ 

Now we state a lemma we need from elementary analysis: 

Lemma 3.4. Let O be a ball with center at the origin ofC and let hn : O ^ 

be a sequence of differentiable real-valued functions on O that converges to 
the function /iiO^M. If ^ : O ^ C converges uniformly to k : O —>■ C, 
then 

dh , 

Given [fj] G Dg, let '&i[fj]) G il?'^{T^^) be the quadratic differential defined 

by 



Here 



sif-^){z), ifzGn^ 

Sig-')iz), iizen2. 



is the Schwarzian derivative of the function h. We have 

Theorem 3.5. The real-valued function S2 '■ ^ M is a differentiable 
function. At the point [v] G Dg, its variation along the direction ji G 
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^^"^'"'^(r'') is given by 

||(M) = -^//''(M)A.. 

Proof. First, we assume has support on 0,2- From Lemma l3.4l and Lemma 
1,3. 3( we have 

dS2, . d 



de,, de 



JJoi{z,z)d'z 



e 



K*2{r], C)(/ - Ki)-i(C, z)dPi^d\d^zcPu. 

Define i?2 : B* x D ^ C and i?^ : B x D* ^ C be as in the proof of Theorem 
3.1 in |TTn4| . Then 



dS' 



2 1 




fi2{u)K2{z,u)K4{u,r]) 



K^{r], 0-^2 (C, v)R2{v, z)d^vd^r]d^Cd^zd^u. 

By the transformation property of the functions Ki, / = 1, 2, 3, 4 with respect 
to the groups Fi and F2, we can transform the integral into 

^2{u)K2{z,u)Ki{u,ri) 

r2\D* D D D* D* 

K^iv, 0^2 (C, v)R2{v, z)d^vd^r]d^Cd^zd^u, 

which can be further be manipulated as in the proof of Theorem 3.1 in 
|TTn4| to get 



de^ Gtt J J Qtt 

Now if fj, has support on f^i, we let n = i*v and rj = L*fi. Then r/ G 
and it has support on 1^2 [/^]- By Theorem 12 . 71 and what we have 
proved above 

t<i-i)-f <M'-6^ // ^(*r-),^-i^//wM-').. 

Finally, for general fj, € Q~^'^{T'^), we write = a + f3, where a has 
support on Qi and /? has support on 02- Then 

882 ,r 882 ,r 882 

^(M) = ^(M) + ^(M), 

so the result of the theorem follows. □ 
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4. The classical Liouville action 

Let r' be a normalized cocompact Fuchsian group of genus g realized as a 
subgroup of PSL(2, M) and let a{z) = {z — i)/{z + i) be the linear fractional 
transformation that maps the upper half plane U to the unit disc B. The 
Fuchsian group F = a o F' o is then a subgroup of PSU(1, 1). a induces 
a complex analytic isomorphism C5 : D(T') 55(F) by 

[^]es(r')^6([/.]) = [(a-i)>]. 

We define the function S2 : S)(F') ^ M by S2 = S2 o (S. 

Given [u] £ D(T'), we let w,y be the unique q.c. mapping with Beltrami 
differential and fixing the points 0,1, cxd. Let k = (a~^)*z/, then Wi, = 
a~~^ owi^o a. Let Ji = ° f ° a, J2 = a^^ o g o a, where (/, g) is the pair 
of univalent functions associated to [n] £ 2)(F). 



4.1. Relation between classical Liouville action and the function 

S2. Given [/x] G S)(F'), let G n^'°{{r'Y) be the quadratic differential 

defined by 



'cS(Jf if z G w^{V), 

SiJ2')iz), if z G u;^(L). 



Here L is the lower half plane. U k = {a ^)* ijl, then = (a ^)*'d{[ii\). 

It follows from Theorem 13.51 that 

Theorem 4.1. Given a subgroup F' o/PSL(2,R), which is a normalized 
cocompact Fuchsian group of genus g, the real-valued function S2 : 5)(F') 
M is a differentiahle function. At the point [v] G 2)(F'), its variation along 
the direction fi G ^}~^'^{{r'y) is given by 

Here = Wu{iJ) U w^(L) is the set of discontinuity of the group (F')''. 
Proof. We let k = {a'^Yv, rj = (a~^)*/i. Then by Theorem 13.51 



□ 



de^ dSfj Gtt J J 6tt 



In |TTn3a| . we define the classical Liouville action Sd ■ 2)(F') — > M and 
prove that —Sd is a Weil-Petersson potential on S)(F'). Theorem 4.2 in 
|Tl'n3a| says that 
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Theorem 4.2. Let V he as in Theorem At the point [u] e D{T'), the 
variation of the function Sd along the direction ji G Q.'^'^'^{{T'Y) is given by 

^(M)=2 jj m),. 

{T'Y\Q.' 

Theorem 14. II and Theorem 14. 21 give a relation between Sd and 52- 

Theorem 4.3. Let V he as in Theorem \41\ On the deformation space 
2)(r'), we have 

Sd = -127rS2 + 87r(25 - 2). 

Proof. Since S)(r') is connected, from Theorem 14.11 and Theorem 14.21 we 
have 

Sd = -l2TiS2 + C, 

where C is a constant. Now at the origin [0] of D(r'), Sd{W) = 8T^{2g - 2) 
and S2([0]) = 0, hence C = 87r(25 - 2). □ 

This gives us the following inequality for the classical Liouville action. 

Corollary 4.4. The classical Liouville action Sd '■ D{r') — > M satisfies the 
following inequality 

Sd < 8^(25 - 2). 

It attains its maximum value along the suhspace of Fuchsian groups. 

Proof. This follows from the theorem above and the nonnegativity of 5*2 
established in Corollary 12.41 □ 

Remark 4.5. It follows that the normalized potential —Sd + 8TT{2g — 2) on 
the quasi- Fuchsian deformation space D{T') is a nonnegative function. 
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